A detailed analysis of the radiative pp annihilation is made in the framework of a two-step formalism, the pp annihilates into meson channels con- 
I. INTRODUCTION AND MOTIVATION
Nucleon-antinucleon (NN ) annihilation, due to the richness of possible final meson states, is considered one of the major testing grounds in the study of hadronic interactions. Both quark [1] and baryon exchange models [2] [3] [4] have been applied to NN annihilation data.
However, the task of extracting information on the dynamics of the NN process is enormously complicated by the influence of initial and final state interactions. Some of the simplest annihilation channels, where the theoretical complexity of the NN annihilation process is partially reduced, are radiative two-body decay modes, where final state interaction is negligible. Experimental branching ratios for radiative decay channels in annihilation from pp atoms were made available by recent measurements of the Crystal Barrel collaboration at CERN, performing a systematic study of the reactions pp → γX where X = γ, π 0 , η, ω and η [5] . Radiative decays of the pp atom where, in contrast to ordinary production of nonstrange mesonic final states, isospin is not conserved, are well suited for studying interference effects in the isospin transition amplitudes [5, 6] .
The simplest and most natural framework in studying radiative decay modes is the vector dominance model (VDM) [7] . In setting up the annihilation mechanism one adopts a twostep process where the pp system first annihilates into two mesons, with at least one of the mesons being a vector meson (ρ and ω), and where the produced vector meson converts into a real photon via the VDM [6] . In this case, production rates of radiative decay modes can be related to branching ratios of final states containing one or two vector mesons. A first analysis [5] in the framework of VDM was performed by Crystal Barrel, showing that the interference in the isospin amplitudes is sizable and almost maximally destructive for all channels considered. The phase structure of the interference term is determined by two contributions: i) the relative signs of the generic strong transition amplitudes for pp → Xω or Xρ acting in different isospin channels; ii) the presence of the initial state interaction in the pp atom, which mixes the pp and nn configurations. Similarly, analogous sources are responsible for the isospin interference effects in the strong annihilation reactions pp → KK [1, 8, 9] . Here, however, definite conclusions concerning the size and sign of the interference terms depend strongly on the model used for the annihilation dynamics.
In the present work we show how the determination of the interference terms in the analysis of the radiative decays can be uniquely connected to the isospin mixing effects in the pp atomic wave functions. The extraction of the magnitude and sign of the interference from the experimental data can in turn be used to investigate the isospin dependence, at least in an averaged fashion, of the S-wave NN interaction. We study this point for different NN interaction models.
This paper is organized as follows. In Sec. II we develop the formalism for radiative decays of protonium. As in Ref. [6] we adopt a two-step formalism, that is pp annihilation into two-meson channels containing a vector meson and its subsequent conversion into a photon via the VDM. Both steps are derived consistently from the underlying quark model in order to fix the phase structure of the isospin dependent transition amplitudes. We also indicate the derivation of the branching ratios for radiative decays of S-wave protonium,
where the initial state interaction of the atomic pp system is included. Sec. III is devoted to the presentation of the results. We first perform a simple analysis to show that theoretically predicted branching ratios for radiative decays are consistent with the experimental data.
We then show that the isospin interference terms present in the expression for the branching ratios can be uniquely connected to the pp -nn mixing in the atomic wave function, induced by initial state interaction. We quantify the details of this effect for different models of the NN interaction and apply the formalism developed in Sec. II to extract size and sign of the interference from data, which will be shown to be sensitively dependent on the kinematical form factors associated with the transition. Furthermore, we comment on the application of VDM on the transition pp → γΦ, where the corresponding large branching ratio plays a central role in the discussion on the apparent violations of the Okubo-Zweig-Iizuka (OZI) rule. A summary and conclusions are given in Sec. IV.
II. FORMALISM FOR RADIATIVE DECAYS OF PROTONIUM
In describing the radiative decays of protonium we apply the vector dominance model [6, 7] . We consider the two-step process of Fig. 1 , where the primary pp annihilation in a strong transition into a two-meson final state, containing the vector mesons ρ and ω, is followed by the conversion of the vector meson into a real photon. Here we restrict ourselves to orbital angular momentum L=0 for the initial pp state, corresponding to the dominant contribution in the liquid hydrogen data of Crystal Barrel [5] . Furthermore, we consider the transition processes pp → γX, where X = γ, π 0 , η, ρ, ω and η , with X = φ presently excluded. The final state φγ plays a special role in the discussion of the apparent violation of the Okubo-Zweig-Iizuka (OZI) rule, where a strong enhancement relative to ωγ was observed [10] . Within the current approach the description of the first-step process pp → ω(ρ)φ and its phase structure cannot be accomodated due to the special nature of the φ, a dominant ss configuration. Later on we will comment on the possibility to explain the enhanced φγ rate within the VDM, as suggested in the literature [11] , and on the implications of the analysis presented here.
In the two-step process we have to introduce a consistent description for either transition in order to identify the source of the interference term. In particular, the relative phase structure of the strong transition matrix elements pp → ωM versus pp → ρ 0 M (M = π 0 , η, ρ, ω and η ) is a relevant input in determining the sign of the interference. Basic SU (3) flavor symmetry arguments [12] do not allow to uniquely fix the phase structure, hence further considerations concerning spin and orbital angular momentum dynamics in the NN annihilation process have to be introduced. Microscopic approaches to NN annihilation either resort to quark models (for an overview see Ref. [1] ) or are based on baryon exchange models [2] [3] [4] . Here we choose the quark model approach, which allows to describe both, the strong transition of pp into two mesons and the vector meson conversion into a photon.
For the process pp → V M where V = ρ, ω and M = π 0 , η, ρ, ω and η we apply the so-called A2 model [1] , depicted in Fig. 2a . In the discussion of annihilation models based on quark degrees of freedom this mechanism was shown to give the best phenomenological description in various meson branching ratios [1, 13, 14] . In a recent work [15] we showed that the A2 model combined with a corresponding annihilation mechanism into three mesons can describe pp cross sections in a quality expected from simple non-relativistic quark models. The transition matrix element of pp → V M in the A2 model including initial state interaction is given by:
with the reduced matrix element defined as
The atomic pp state is specified by isospin component I and total angular momentum J = 0, 1, the latter values corresponding to the 1 S 0 and 3 SD 1 states respectively. The two-meson state V M is specified by the intrinsic spin j 1,2 , the total spin coupling j, the relative orbital angular momentum l f = 1 and the relative momentum k. Eq. For the process V → γ (Fig. 2b) , where the outgoing photon with energy k 0 is on-mass shell, we obtain, with the details shown in Appendix B:
where and S(m 1 ), with projection m 1 , are the polarization vectors of γ and V, respectively. 
where the relativistic propagator for the intermediate vector meson in a zero width approximation is included. We resort to a relativistic prescription of the vector meson, since, with the kinematical constraint √ s = 0, V has to be treated as a virtual particle, which is severely off its mass-shell. Accordingly, an additional factor 2m V , with the vector meson mass m V , has to be included to obtain the proper normalization. From redefining
we generate the standard VDM expression of
The VDM amplitude A V γ , derived in the quark model, is:
which in the limit m v ≈ k 0 reduces to the well-known results of [7] A ργ = e/f ρ = 0.055 and
The phase structure of A V γ , as determined by ϕ V , is consistent with the corresponding definitions for the strong transition matrix element.
In the radiative annihilation amplitude, the coherent sum of amplitudes for V = ρ and ω, arising from different isospin channels, has to be taken. This gives: 
ρ f is the final state density and the sum is over the final state magnetic quantum numbers of meson X (m 2 ) and of the photon (with transverse polarization T ). The corresponding branching ratio B is:
where a statistical weight of the initial protonium state J with decay width Γ tot (J) is taken.
With the details of the evaluation indicated in Appendix C, we finally obtain for the branching ratios of pp → γX (X = π 0 , η, η ):
Alternatively, B(γπ 0 ) can be expressed in terms of the branching ratios B(V π 0 ) for the
with the interference phase β J=1 determined by
The same equations apply for X = η and η with π 0 being replaced by the respective meson.
Here, a kinematical phase space factor f is introduced, which can be identified with those Similarly, for the branching ratios of pp → γX (X = ρ 0 , ω, γ), now produced from the spin-singlet state (J=0) of protonium, we obtain:
and
with the interference determined as
Again, the sign and size of the interference cosβ J=0 are fixed by the the initial state interaction, here for protonium states with J=0.
Eqs. (13), (15) and (16) are analogous to those of Ref. [6] ; this is also true for Eq. (17) in the SU(3) flavor limit with B(ρ 0 ρ 0 ) = B(ωω). However, the essential and new feature of the present derivation is that the interference term is completely traced to the distortion in the initial protonium state. The possibility to link the interference terms cosβ J to the initial state interaction in protonium is based on the separability of the transition amplitude
The sign and size of cosβ J (J=0,1) will have a direct physical interpretation, which will be discussed in the following chapter.
We briefly comment on alternative model descriptions for the strong transition amplitudes NN → V M and its consequences for the interference terms in radiative pp decays.
Competing quark model approaches in the description of NN annihilation into two mesons concern rearrangement diagrams as opposed to the planar diagram of the A2 prescription of or that of a gluon ( 3 S 1 -vertex, S2 model [18, 19] ). In the R2 model, two ground state mesons cannot be produced from an initial NN state in a relative S-wave; hence R2 is not applicable to the annihilation process considered here. The S2 model generates transition matrix elements for pp → V M, which are analogous to the ones of the A2 model of Eqs. (1) and (2), but with different absolute values for the spin-flavor weights < IJ → V M > SF [18, 19] .
However, the relative signs of the matrix elements < IJ → ρM > and < IJ → ωM > are identical to the ones of the A2 model, except in the case M = η where it is opposite.
Therefore, results for branching ratios B(γM) of radiative decays expressed in terms of the branching ratios B(V M) are identical both in the A2 and the S2 approach, except for B(γη)
where cosβ J=1 changes sign. But, as will be shown later, the sign structure of cosβ J deduced in the framework of the A2 model is consistent with the one deduced from experiment.
Possible deviations from the formalism presented here include contributions from virtual N∆ ± ∆N and ∆∆ states to the annihilation amplitudes as induced by initial state interaction. The role of ∆ state admixture and its effect on pp annihilation cross sections in the context of quark models was studied in Refs. [13, 20] . Although contributions involving annihilation from N∆ and ∆∆ states can be sizable [20] , the overall effect on the annihilation cross section is strongly model dependent. In the case of the A2 model [13] , these contributions are found to be strong for NN D-wave coupling to channels with a virtual ∆ in the S-wave, hence dominantly for the 13 SD 1 partial wave, where for isospin I = 0 the tensor force induces strong mixing. However, for the radiative decay processes at rest considered here, the possible N∆ ± ∆N configurations only reside in the 33 SD 1 state (here
. Due to the weak D-wave coupling in the I=1 channel, N∆ configurations play a minor role and are neglected.
Alternatively, the strong transition amplitudes NN → V M can be derived in baryon exchange models [2] [3] [4] . Here however, the analysis is strongly influenced by the presence both of vector and tensor couplings of the vector mesons to the nucleon, by contributions of both N and ∆ exchange (where the latter one contributes to the ρ 0 ρ 0 and π 0 ρ 0 channels)
and by the addition of vertex form factors. The interplay between these additional model dependencies complicates an equivalent analysis. Due to simplicity we restrict the current approach to a certain class of quark models, although deviations from the analysis given below when applying baryon exchange models cannot be excluded.
III. PRESENTATION OF RESULTS
In Sec. III A we discuss the direct application of the quark model approach to the radiative NN annihilation process. In Sec. III B we focus specifically on the isospin interference effects occuring in radiative transitions. We show that the the interference term is solely determined by the isospin dependent NN interaction, and give theoretical predictions for the phase cosβ J in various NN interaction models. Sign and size of cosβ J can be interpreted by the dominance of either the pp or the nn component of the protonium wave function in the annihilation region. Furthermore we show that extraction of the interference term from experimental data is greatly affected by the choice of the kinematical form factor. Finally we comment on the applicability of the vector dominance approach to the pp → γφ transition.
A. Branching ratios of radiative protonium annihilation
In a first step we directly evaluate the expression for B(π 0 γ) and B(Xγ), X = η, ω, η , ρ and γ, as given by Eq. (13), (15) - (17) and Eq. (A12). To reduce the model dependencies we choose a simplified phenomenological approach as advocated in studies for two-meson branching ratios in NN annihilation [21] . The initial state interaction coefficients B(I, J) are related to the probability for a protonium state with spin J and isospin I, with the
The total decay width of state J is given by Γ tot (J) with the separation into isospin contributions as 
where k is the final state c.m. momentum with total energy √ s. The constant A = 1.2 GeV −1 is obtained from a phenomenological fit to the momentum dependence of various multipion final states in pp annihilation [24] . Results for the branching ratios in this simple model ansatz are given in Table II Table II give a first hint, that the VDM approach is a reliable tool in analysing the radiative decays of protonium. Furthermore, all considered branching ratios are consistent with minimal kinematical and dynamical assumptions. We stress that the good quality of the theoretical fit to the experimental data of Table II should not be overemphasized given the simple phenomenological approach where initial state interaction is introduced in an averaged fashion. Although the A2 model provides a reasonable account of NN annihilation data, discrepancies remain in certain two-meson channels [1, 21] . In particular, observed two-meson annihilation branching ratios can show strong deviations from simple statistical or flavor symmetry estimates (dynamical selction rules), which in their full completeness cannot be described by existing models. Furthermore, theoretical predictions for two-meson branching ratios can be strongly influenced by initial state NN interaction (see for example
Ref. [26] ), as in the case of radiative decays, but also by the possible presence of final state meson-meson scattering [15, 27] . Given these limitations in the understanding of two-meson annihilation phenomena we will in turn dominantly focus on the determination of the inter-ference term present in radiative pp decays. Here NN annihilation model dependencies are avoided by resorting to the experimentally measured two-meson branching ratios.
B. Isospin interference and initial state interaction
In a second step we focus on the determination and interpretation of the isospin interference terms cosβ J (J=0,1) given by Eqs. (14) and (18) (14) and (18), we obtain for the interference terms
+1 for pure pp Thus, predictions for the interference terms cosβ J in all three potential models considered, are fairly independent on the specific annihilation range of the NN initial state.
The models used for describing the NN initial state interaction in protonium are characterized by a state independent, complex optical potential due to annihilation. Potentials of this type reproduce the low-energy pp cross sections and protonium observables, such as energy shifts and widths, fairly well. A more advanced fit [31] to NN scattering data, in particular to the analysing powers for elastic and charge-exchange scattering, requires the introduction of an explicit state and energy dependence in the phenomenological short range part of the NN interaction. At present, latter NN potential [31] was not applied to the protonium system; hence the model predictions of Table III should be regarded as a first estimate for the pp − nn mixing mechanism in the NN annihilation region.
C. Isospin interference from data
The VDM approach allows to relate the branching ratios of radiative annihilation modes to branching ratios with final states containing one or two vector mesons. Using these measured branching ratios in Eqs. (13) and (15) - (17) we can extract the interference terms cosβ J directly from experiment. However, conclusions on the sign and size of the interference terms strongly depend on the choice of the kinematical form factor f (X 1 , X 2 ), X 1 and X 2 = γ or meson, entering in the different expressions. A first analysis [5] for determining the interference terms from data was performed by the Crystal Barrel Group, assuming a form factor of [32] 
where k is the final state c.m. momentum and the interaction range is chosen as R = 1.0 f m.
This form factor is appropriate for small momenta k, taking into account the centrifugal barrier effects near threshold. However, for radiative decays, with high relative momenta in the final state, the choice of Eq. (19) is more appropriate, it contains an exponential which restricts the importance of each decay channel to the energy region near threshold.
This can be regarded as a manifestation of multichannel unitarity, that is the contribution of a given decay channel cannot grow linearly with k (as in the form of Eq. (21)), since other channels open up and compete for the available flux, subject to the unitarity limit.
Also, the latter form factor is given a sound phenomenological basis in NN annihilation analyses, for a more detailed discussion see for example Ref. [33] . Extracted values for the interference terms cosβ J with different J and different prescriptions for the kinematical form factor are given in Table IV . We also include there a third choice for the kinematical form factor (Eq. (A11)), as deduced from the A2 quark model description of the NN annihilation process. Although finite size effects of the hadrons are included here, through the harmonic oscillator ansatz for the hadron wave functions the form factor is again useful for low relative momenta k. For the results of Table IV we use the measured branching ratios of pp → π 0 ρ 0 [34] , π 0 ω, ηω, ωω, η ω [35] , ηρ [36] or [37] , ρω [38] and η ρ [33] . Values for cosβ J using the phase space factor of Eq. (21) are directly taken from the original analysis of Ref. [5] . Error estimates for the other entries in Table IV assume statistical independence of the measured branching ratios. For the radiative decay channel η γ only an upper limit for cosβ 1 can be given.
For all three choices of the kinematical form factor, the extracted values of cosβ J are consistent with the VDM assumption as they correspond to physical values. However, as evident from 
D. Vector dominance model and the pp → γφ transition
Measurements on nucleon-antinucleon annihilation reactions into channels containing φ mesons indicate apparent violations of the Okubo-Zweig-Iizuka (OZI) rule [33] . According to the OZI rule, φ can only be produced through its non-strange quark-antiquark component, hence φ production should vanish for an ideally mixed vector meson nonet. Defining the deviation from the ideal mixing angle θ 0 = 35, 3
• by α = θ − θ 0 and asssuming the validity of the OZI rule, one obtains the theoretically expected ratio of branching ratios [1] :
where X represents a non-strange meson or a photon. Recent experiments [33] have provided data on the φ/ω ratios which are generally larger than the standard estimate of Eq. (22) .
The most notable case is the φγ channel for pp annihilation in liquid hydrogen [10] , where data show a dramatic violation of the OZI rule of up to two orders of magnitude, that is R(X = γ) ≈ 0.3. Substantial OZI rule violations in the reactions pp → Xφ can possibly be linked to the presence of strange quark components in the nucleon [39, 40] . However, apparent OZI rule violations can also be generated by conventional second order processes, even if the first order term corresponds to a disconnected quark graph [41, 42] .
In Refs. [42, 11] the apparently large value for the branching ratio B(γφ) for pp annihilation in liquid hydrogen is explained within the framework of the VDM. Using the experimental rates of B(ρφ) = (3.4 ± 1.0) × 10 −4 and B(ωφ) = (5.3 ± 2.2) × 10 −4 [43] as inputs, the branching ratio B(γφ) is given in the VDM by:
Since the φω and φρ channels also violate the OZI rule estimate, [33] , the standard ω−φ mixing cannot be the dominant mechanism for the production of the φω and φρ channels and the formalism developed in Sec. II cannot be used to determine the phase structure of the interference term cosβ 0 for B(γφ). Consequently, the interference term cosβ 0 extracted in the γω reaction is not necessarily consistent with that of the γφ decay channel. For maximal constructive interference (cosβ = 1) one obtains an upper limit for B(γφ) in the VDM calculation of:
B(γφ) = 1.5 × 10
for f given by Eq. (19) 
This is to be compared with the experimental result B(γφ) = (2.0 ± 0.4) × 10 −5 [10] . The possibility to explain the experimental value of B(γφ) in VDM depends again strongly on the choice of the kinematical form factor. In Ref. is given as σ φφ /σ ωω ≈ 3.5 µb/0.5 mb [44] . Given the measured branching ratios of ωω [35] and ωφ [43] we can simply estimate the ratio of strong transition matrix elements for 
The reduced matrix element of the two-meson transition is given in the A2 model as:
The factor F L,l f is a positive geometrical constant depending on the size parameters of the hadrons for given orbital angular momenta L and l f . The exponentials arise from the overlap of harmonic oscillator wave functions used for the hadrons with the coefficient d A2 depending on the size parameters R N and R M of the nucleon and meson:
20
The matrix elements < i → V M > SF are the spin-flavor weights of the different transitions listed in Table V . Note that with the flavor part of the vector mesons defined as
the matrix elements < i → ρM > and < i → ωM > have same sign. For the tensor force coupled channel 3 SD 1 the spin-flavor matrix elements are simply related by a proportionality factor, dependent on the isospin channel, but independent of the V M combination, that is:
In coordinate space the protonium wave function, including tensor coupling and isospin mixing, is written as:
Inserting this wave function into the expression for the transition matrix element results in:
The distortion due to initial state interaction is contained in the coefficient B(I, J), which is simply the overlap of the isospin decomposed protonium wave function with the effective initial form factor arising in the transition. By taking the Fourier transform of the initial state form factor contained in Eq. (A2), these coefficients for the 1s atomic states of protonium are defined as:
The partial decay width for the annihilation of a protonium state with total angular momentum J into two mesons V M is given by
where E is the total energy and E V,M = m 
with the kinematical phase space factor defined by:
Taking an admixture of initial states given by their statistical weight, the branching ratio of S-wave pp annihilation into the two meson final state V M is given by:
APPENDIX B: VECTOR MESON -PHOTON CONVERSION IN THE QUARK

MODEL
The transition V → γ (Fig. 2b) , where V = ρ or ω, can be formulated in the quark model, and related to the physical process of V → e + e − . An explicit derivation of the latter process can be found in Ref. [45] . We just quote the main results necessary for the discussion of the radiative decays of protonium.
The QQγ interaction is defined by the Hamiltonian
with the quark current
where q( x) is the quark field and A µ ( x) the electromagnetic field given in a free field expansion. For emission of a photon with momentum k, energy k 0 and polarization µ from a vector meson with momentum p V we obtain:
with
For the conversion of a vector meson V into a real photon only the spatial part of the current matrix element contributes. Using standard techniques for the evaluation of the current matrix element we obtain
with the quark charge matrix Q and the polarization S of the vector meson. The QQ flavor wave function ϕ V is consistently defined as in Eq. (A4) of Appendix A and contributes to the transition amplitude:
The spatial part of the QQ wave function at the origin ψ( r = 0) is given within the harmonic oscillator description as |ψ (0) 
The decay width for NN → γπ 0 is then:
with the final state density
| k| = k, and the sum is over the two transverse photon polarizations T and the total projection M of the NN protonium with total angular momentum J. Using
together with the expression for the reduced matrix element in Eq. (2), we finally obtain:
with the kinematical phase space factor defined in analogy to Eq. (A11) as: (19) and (A11), respectively. The analysis for cosβ J (HQ) is directly taken from Ref. [5] .
The first line of the analysis for ηγ is done for B(ηρ 0 ) = (0.53 ± 0.14) × 10 −2 [36] , the second line for B(ηρ 0 ) = (0.33 ± 0.09) × 10 −2 [37] . 
Channel
